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We shall introduce a compact group structure into the uncountable family 
of II, factors obtained in Ref. [7]. This topological group structure enables 
us to integrate this uncountable family at the same time, so that it supplies 
examples of global type II1 W* algebras which cannot be written as direct sums 
of the tensor products of II, factors and commutative algebras. This implies 
that the reduction theory of II, algebras is not trivial. This problem was 
originally posed by Segal. 
1. INTR~DuCTI~N 
In this paper we shall consider the following problem: Let M be 
a type II, IV* algebra on a separable Hilbert space. Then, are there 
a family of factors (Mn}neI and a family of commutative IV* algebras 
vnL1 such that M = C,“=, M, @ Z, ? 
In the previous paper [6], we considered the same problem for 
type III algebras and by using an uncountable family of type III 
factors obtained by Powers [4], we gave the negative answer. 
On the other hand, by using the method of McDuff [2], recently 
we constructed an uncountable family of type II, factors [7]; therefore, 
we may guess that the problem will also be negative for type II, 
algebras. 
In the present paper we shall show that the guess is true. To 
prove this assertion, we shall introduce a compact group structure 
into the uncountable family obtained in Ref. [7], and by using its 
Haar measure, we shall construct a global type II, IV* algebra which 
will give the negative answer. 
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2. CONSTRUCTION OF EXAMPLES 
First of all, we shall explain some results in Ref. [7]. Suppose 
*H H are two sequences of groups. We denote by 
(Gd:,%,;:::; I;,‘, ;,‘I::.) the group generated by the Gi’s and the Hi’s 
with the additional relations that Hi , Hj commute elementwise for 
i # j, and Gi , Hi commute elementwise for i < j. 
Let L, = (G, , G, ,...; HI , Hz ,...) with Gi = 2 and Hi = 2 for 
all i, where Z is the group of all integers. Define L, inductively 
by L, = (G, , G, ,...; H, , Hz ,... ), where Gi = Z, H, = L,._, for 
all i. 
Now let II1 = (pi) b e a sequence of positive integers.. Define 
M&I,) = c;=1 @ LPj f or all i if II, is infinite; Mi(II,) =: J&r @ Lp, 
for all i < n, and Mi(II,) = M,(I(II,) for i > no if II, = (pi , pa ,..., p,,) 
is finite. Define G[II,] = (G, , G, ,...; M,(II,), M,(II,),...) with Gi = Z 
for all i. 
Now let II, = (p,) and II, = (40 be two sequences of positive 
integers. Suppose that II, # II, as a set, viz., there exists a qi, or a 
pi0 such that pi, f pi for all i or pIO # qi for all i. Then the type 
II, factor U(G[II,]) is not *-isomorphic to the type II, factor U(G[II,]), 
where U( G[II,]) is the IV* algebra generated by the left regular 
representation of G[IIi] (i = 1, 2) ([7]). 
Now let r;;! be the set of all infinite sequences (pi) of positive 
integers such that pi = 1 or i for i = 1, 2,... . 
Let S = (0, l} be the cyclic compact group of order two. Let 
S, = S for n = 2, 3,..., and let l-’ = n,“=, S, be the compact group 
obtained by the infinite direct product of IS,}. 
We shall identify an element II of s;! with G[II]. In the following 
considerations, we shall define a one-to-one correspondence between 
Q and r. Let II = (pi) E Q. Define (II)% as follows: (II)% = 1 if 
p, = n and (II)% = 0 if p, = 1 (n = 2, 3,...). 
Then ((Q , (1% ,...I will define an element y in r; define 
~(11) = y. Then the mapping p is one-to-one. 
By using the mapping p, we shall identify s2 with I’; then Sz = r 
is a compact group. 
Next we shall show that this compact group structure behaves very 
well. To show this, we shall provide some considerations. 
The following lemma will be clear. 
LEMMA 1. Let 
A, = (Gl , G, ,...; HI, H, ,...) and A, = (G , G, ,...; h , Jz ,...I. 
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Suppose that there exists a homomorphism yi of Hi onto Jz for all i. 
Then we can define a homomorphism y of A, onto A, such that y = the 
identity on Gi and q = pi on Hi for all i, where G, and Hi are identz$ed 
with the COI responding subgroups of (G, , G, ,...; HI , H, ,... ). 
Now let F, be the free group of denumberable generators and 
let (1 = (G, , G, ,...; HI , H, ,...) with G, = 2 and Hi = F, for all i. 
Let (rl , r2 ,..., r,) be a finite sequence of positive integers such that 
ri = 1 or i for i = 1, 2,..., n. Consider the group x:-r @ Lri ; then 
there exists a homomorphism t of F, onto x& @ Lri . We shall pick 
up one homomorphism .$ and fix it; we denote this t by t(rl , r2 ,.. ., r,) 
andso5isafunctionof(r,,r,,...,r,).LetIIEDwithII=(p,,p,,...); 
then G[II] = (G, , G, ,...; M,(II), M,(II) ,... ), and by Lemma 1, we 
can define a homomorphism [(II) of A onto G[II] such that [(II) = the 
identity on Gi and ((II) = t( p, , p, ,..., p,) on H, for all n. 
Let p be the Haar measure on A such that p(e) = 1, where e is 
the identity of A, and let d’(A) be the group algebra of A composed 
of all p-integrable functions on A. Let {$B)BEJ be the set of all positive 
definite functions on A such that #B(e) = 1. 
Define 11 x /I2 = supBEJ j (x* * x)(g) &B(g) dp( g) for x E P(A), where 
x*(g) = x( g-r) and x* * x is the convolution of x* and x. Then 
11 * /j will define a C* norm on /l(A), viz., /I X* . x 11 = 11 x l12. The 
completion of 79(A) under the C* norm 11 . II is called the group C* 
algebra of A and is denoted by R(A). 
For X E I’ = Q, we shall define a trace T,, on R(A) as follows: Take 
the homomorphism e(X) of A onto G[A] and define T~( g) = Sfu)t8)(eA), 
where 6c(A)(,) is the function on G[A] such that 8E(d)(g)(/) = 1 for 
&h)(g) = /and 6 t(,,~(g)(d) = 0 for e(h)(g) # /with IPE G[h], and e, is 
the identity of G[A]. 
Then 7n is a central positive definite function on A such that 
TA(e) = 1; therefore it will define a unique trace on R(A), denoted 
by the same notation TV , viz., am = T~( yx), ~~(x*x) > 0, and 
~~(1) = 1 for X, y E R(fl), where 1 is the identity of R(A). Let 
{z-~, HA} be the *-representation of R(A) on a separable Hilbert 
space %A constructed via TA . Then the weak closure of r,(R(A)) is 
*-isomorphic to U(G[A]). 
Now suppose that a sequence (A,) of r with A, = (p,,, , p,,, ,...) 
converges to A, of r with A, = (p,,, , p,,, ,...). Then for an arbitrary 
g E A, there exists a positive integer n, such that g belongs to a sub- 
group of A generated by G, , G, ,..., GmO and Hl , H, ,..., Hm, where 
A = (G, , G, ,...; HI , H, ,...) with Gi = 2 and Hi = F, for 
all i. 
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Since A, -+ A, , there exists an n, such that P,,~ = P,,~ for 
i = 1, 2,..., n, and n >, n, . Therefore, 7,,,(g) = ~~(1( g) for n > n, ; 
hence lim T~~( g) = T~~( g) f or all g E A. This implies the sequence 
(Tn,) of traces on R(A) converges to the trace TV on R(A) in the 
a(R(A)*, Ii(A)) topology, where &A)* is the d:al Banach space 
of R(A). 
Therefore the mapping 5 : h + T,+ of r into the state space 6 of 
R(A) is continuous; it is one-to-one, because the weak closure 
7r,(R(fl)) of rA(R(fl)) is not *-isomorphic to the weak closure 
7r,,(R(A)) of ~-~,(R(fl)), if X # A’. 
The compactness of r implies that the f is homeomorphic. 
Let dh be the Haar measure on r with the total mass one; by 
using the t, we can introduce a Radon measure v on 6 such that 
dv(7,) = dh. 
Define a trace #J on R(A) such that $(x) = SG y(x) dv(v) for x E ii(A). 
Let {nay ~‘6~) be the *-representation of R(A) on a separable 
Hilbert space yi* constructed via 1,4. Let r,(R(d)) be the weak closure 
of n,(R(A)); then rr,(R(A)) is a finite W* algebra and $I can be uniquely 
extended to a normal faithful trace on rr,(R(A)). 
Now we shall show that v is the central measure of 1L in the sense 
of Ref. [5]; then n,(R(A)) = JG r,(R(A)) dv(q) is the central decom- 
position of r,(R(A)); h ence the global type II, W* algebra will give 
a negative example to the problem. For this, we shall show the 
following general lemma. 
LEMMA 2. Let GI be a separable C* algebra, let 6 be the state space 
of CZ, and let p be a positive Radon measure with ~((5) = 1. Let B be 
the set of all factor states on GZ and let 5 be the set of all traces on OF?. 
Suppose that ~(9 n 5) = 1. Then TV is the central measure of a trace q 
with ?1(Y) = SG F(Y) dk4q)fory E a* 
Proof. It suffices to assume that 02 has a unit. Let 
be the central decomposition and let @ be the central homomorphism 
of 71 (cf. Ref. [5]). Then 
?I(ZY) = 1, @(4(v) dY) MP) (ZEC,YEW, 
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where C is the center of the second dual GZ** of 0’1. Let u be a unitary 
element in O!. Then 
‘I(ZY) = rl(u*zY4 = +u*Yu) = 1, @(4(v) 9J(u*Yu) 4P)* 
Hence SG @Md d Y) dv(d = S QWb) P)(u*P) 4d Since @(C) = 
Lrn(C V>> dY) = du*Y u a.e. V, and so v(y) = y(u*yu) for p E the ) 
support of v, because y + y(y), y -+ v(u*yu) are continuous. 
Hence v(P n 5) = 1. 
On the other hand, 5 is a simplex in the sense of Choquet ([9]) 
and 9 n 5 is the set of all extreme points in 5. Hence there exists 
one and only one probability Radon measure in B n 3 which 
represents 7, so that v = p. This completes the proof. 
Therefore we have 
THEOREM. There exists a type II, W* algebra M on a separable 
Hilbert space satisfying the following properties: 
(1) The center of M is isomorphic to the L”(r, dh), where r is 
an infinite compact group and dA is the Haar measure of r. 
(2) For its central decomposition M = Jr M(A) dh, M(h,) is not 
*-isomorphic to M(h,) for every two d@erent A, , A, E r. 
As a corollary, we have 
COROLLARY. There exists a type II, W* algebra M on a separable 
Hilbert space which cannot be expressed as follows: M = C, M, @ Z, , 
where {Me} is a family of factors and {Z,> is a family of commutative 
W* algebras. 
Remark. By using the result of this paper and the result of 
Ref. [S], we can have another example of a type III algebra which 
will give the negative answer to the problem. 
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